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ntroduction.

In this note we study some properties of the arithmetico-
geometrical mean M(a,b), which is defined as follows:
let a and b be two positive numbers,

let a_ and bn be defined by the following recursive
relations

1/2
(‘1> an_'*_,t = (an+bn)/2 s bn+’1 =~ (anbn) with aoma
and bom.b_,
then M(a,b) = 1lim a = 1im bn
n=-» ® rn-~» GO

*
In an extensive study ) on the arithmetico-geometrical
mean Gauss already derived the following two formulas

which will be the starting points of our study.
/2

-1 /2
1Y 2 2 2 2
(2) =~ = f (2" sin +b " cos ) d and
2 M(a,b) 5 Y ¥ '
™
(3) b 2f/2(°<2 2'2)“4/2d
2) mM(a.B) = / -8 sin ¢ '
where > = a+b, g = a-pb

In section 1 a series expansion for {M(’Hk,’l-—-k)} - is
derived valid forilkl < 1.

In section 2 a proof is given of the formula

(4 ) lim  M(1,&)1log s B

€ >0 & e

ITn section » we present a relation between M(a,b) and M(o(,p)
with o« . a+b and g8 = a-Db.

ol i i+

g see C.F.Gauss: Anziehung eines elliptischen Ringes.
' Herausgegeben von H.Geppert.
Akad. Verlags Gesellschaft, Leipzig 1927.



All results glven here are well-known, but The treatment

18 possibly new.,

' - 7
1. The series expansion of {M{ﬂ+k,ﬂ~kj} |
By aid of formula (2) we get for any g 0 <& <7

|

2T
] i . 2 2 2 ~-1/2

O

Substituting zmel¢, we obtaln the important formula

(5) MT%“F*

I .2
€ w\(1-€R) -%; {(

1- & )(22“ 14"8)} "/1/2 dz
T+ € 7 - 1- & ?
where the integration must be performed 1n the positlve

sense along the contour C. C 1s the unit circle around tThe

origin of the complex plane, which has cuts

N 1/2
from - @ To - (j:} 5
e g 1/2 X 1“g,ﬂ/2 )
ffrom - (“T':"é) O T (m) .l
1re, /E
from + (5—¢) to + @ along the real axis, as shown in
f'lg. 7 where
- 1/2 1/2
_ (At y = (2=fy
(6) ¢ = (425 " and g = (57)
We now deform the contour
5
¢ Into The contour K, as
- e R P ——— shown 1n fig.2. K consists
-y O\~ *) of the two contracting circles
. wlth centres +% and the two
fig;ﬂu N - lines parallel to the real

axis.



It 1s easily seen that for

even values of n

a3 n-1
D Lo n
_ Q0 y e . 2V
S D M G450 B =
M 13 4 |+ 2 '1;:0 ) 14+ €
or, wnen we defline k by k = ,:; , we obtailn

- 2 2
(7) {w 14k, *w-k)}“’] - Vfo S

3. The 1imlt expression,

Iin the following we use the well known formula

(8) d/l f(z) (zgm xg)“q/2 dz = ‘faa f(ix shu)du ,
&

- OO

Where the path of IiIntegration C{ is along the imaginary

axls from-ioto+. im, The complex plane has a cuttalong-
the real axis from - to -x and from + x to +o0.

We assume tTthe convergence of the integrals.

The contour C in.formula (5) will now be deformed in a

and L., as shown in fig.3,

contour L consisting of L4 A

where Lq and L2

intersect the real

axls 1n the points

-(g +7)/2 and (¥ +7)/2.
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After this defoc
rmation ©
e f the path of integration we may

SRR I R A § G TE )
-1 oo+}g”'“‘“‘7 -1 co- ; A )§ e =
+1 @
= € m. 2 2 -1/2 -1/2
--if@ {(Z—}_ 2 )" =T % %@"’i%ﬁ‘)g "‘52} / dz +

° l /E dz =

+1 00

_ 5472 5 ) =1/2

fm {(Z )T -7 } §(Z._§.%_’Z)2 _%
/

= +1/GD (74 2227 /2 ¢ 7, " 1/2 ; -1/2 L
-1 “e ) (Z+ .......2.........) (z+ 32+7) (Z - E—;—z)m /gz N
+1 @
" % +37 -1/2 _p ~1/2 -1/2
_i/@ (2= =) (Z- E‘éj') (2- Zgjj) / (z+ %—2)“4/§z

We put nows: E-%—-? = %((l_t._) ("" ) > £
- £ - A ¢ -
15 € = =/
quez

5 X 1/2
2 = %‘( (“"““ji—:i) / +5(%~}%)1/2)m 2 - & _
V1 e ’

TW1-€° +1 o
ME",ES ‘m / (22__/2) (Z+O() (Z+P) dz -+



m...5.....

o[ -1/2
= ééig shu+o ) (1y Shu+/@)% = %(i / shu-~ o) (iJshwyﬁ%

L
.

- D

e
where we have tsed formula (8).
For small values of € we have « = g8 + 0(£) and so we
may write '

T\ - e e )
m = jf (:LJ’ shu+ «)

1

-1
- (i[ shu- o) }»du + r(e)
- @

Wherer [ £})-—-0 for €& —0,
Completing the reduction we obtain finally

72 + QO
N Vi-¢€
| ” - QD X sh u +do

e
i Ry

* e A TR ,.r_.m-n.i....._',_ﬂ,_: _;"nh.'.,,-x'u_..... LT
i" d : d

= 2 1n %- +- rq(a) , Where rﬂ(e)ﬂ>0 for € -0

.I..i ;."-I "

We have thus obtained the desired result

() 1im  M(1,£) 1n + = %

£ = (O

3. M(a,b) and M(«,p).

We next study the relation between M(a,b) and M(dﬁﬁ)
where o = a+b and*p = a-pD.

From (3) we have

K
2M(a,b) ol +B -8 (e ~f sin 4 @ .
n(zh ) o

The second identity is also true for «, = (d+ﬁ)/2, and

Ba = Qip)q/g, thus

4/2]
|

f.‘ 3

A

3
i

g



T .'t/?{ 2 > 2 “ﬂ/zd
oy U S AT A
c 2
Evidently, M{(a,b) = M(aq,bﬂ) = .. = M{an,bn) where
a  and bn are defined according to (1), but
X+ O A, -
d 17 71 1 ,
SEMINEERLLI A ET -
K4 oA~ 1/2
(_w"i*émﬁi 5 "“1*'2““*/?"1 o % {'E‘;;&) s o0 that
d\’ri— tﬁﬂ dﬂ“ /6" '"*i c-(-’r-é oL-—é
M(“mmﬁﬂmm’ “m§“”“0 -2 M 2 2 D ) -
Thus it follows immediately that
T 1 n
°M(a,b) 2 EM("’*’V"—‘@’T oc,]-—feﬂ)
2 7 2 -
- ]//2 2 2 2 “'"/gd
2 (44 =fq sing) P
Repeating the above argument we find
1t/ -1/2
TC g 2 2 . 2
(9) °M(a,b) " 2W;"w £ (o(n mfen S1h 90 aq
- g
where o and/en are defined by « __ 4 (un+ﬁ%)/;,
1/2

/6 n+1 (dnfan)

The integrand in (9) may be written as

1 /2 ‘
2 2 2 2 - 2
("O) (/Gn COS Cf’ 1 J’n ) , with J/n = O(n - /Gn .



.....T.._..

Using Mc Laurins series we may write for this expression

p 2 J’ 1 !2 . -3 /2 1
COS + il AN £ S ‘D
ﬁn (f '2/6{100560 8/Bn30085(]0 \ -/‘5;-8-;;—8—2; )
with |6 <1
Let us now define
p 2
_ ' n
A = /GnOOSCf -+ W and
4 2 -3 /D
B = ”““)3/3“"3"“ (1 + 9 ““"5“{%“) «-
BFE cos”y B, COS ¢

With this simplification formula (10) becomes

1 1 B
A-B = A T A(A-B)Y

and the integral (9) takes on the form

- i—

T sy T/
1 / /2 ‘K{'s' fgn 1 30 + / /2 J’n/’@n B de +
2 /o RO o A(A-B)

./

/2= /P

n /o

(/61‘1 COS™ (p + ) ay

d

The integrals appearing in this expression will be denoted

consecutively by Iﬂ,n’ Iz,n and Ij,n'

By aid of the substitution u = V2 4 _sing we obtain:



It is easily seen that the first term of ‘W%TW I
2

tendas to zero for n —=» «w . A5 to the second tTerm,

remary that

2 er’)g Ejfn rw 2 ‘ﬂ{i{m Z( ﬂ_ﬁ'mﬁ_
oot B Lﬁpnmos 5: = ok pncas 2@‘1;1 = )zné("!—l— 2Cos (<

with &1 = 4,

Yoo
Since 1lim 1n <1 + 2¢cos(2V —) ro= 0
I =00 /@n /

we obtain {finally

1 -
n-4 1,n -t 2

n->c 2 n - Co AT %+ (3
I

1,n

wWe



....,9......

Hence we obtalin by aid of formula (9)

x VZ% 1n /h

= - 1lim + 1im 1 +
°M(a,b) ST gn-—ui?& §+ﬁ 2 N L 2,n

r Il

+ 1idim

1
e QD on- 5,0

IT will be shown in the appendix that we have the

relations

i 1 = 1im 1

g 2,1
=+ Q0

1im
n....
N QD

and therefore we get:

(43) Al = il 1lim | 1n v . }.
2M(a,0) M, ) n-" r?ynj

1=+ 00
W b t ﬁ : : Ve
¢ observe now, that y = N = (o _-p._.)/2
_ 2n-1
4
n
.. 4 , 2"
and therefore J/r]l. = /O
2= e on -’
n n=1°" %
Thus we have the formula:
] _ 1 /o ] | 2 o=’
SN—7 o /hf'Q in R SN~ ln(“n'fxnwﬂ e g )
P In 4
n-"

2
and so we obtain the following result which relates
M(a,b) with M(&, p).



From this result we may obtaln again the formula (4)
very easily.

| | . 2
Tet a=1, b=¢ then d= 1+&, 1-€ and o -6 = I e

CHinee "‘iu-dni  2¢ for all 'o(r, we have
A

0O
. 4
Lim M, 8) = 1 and lim 3 -—==F Inel =0
£ =» ¢ £ » O IN= 2

Substituting these results into (14) we get

(4 ) 1im M(1,¢) 1n %f- I S

& —» O 2



A4

It will now be shown, that lim —-%—:;T I -
2

I >0 2,Nn
- 4 i
e ..le W ..[: — OG
n-»0Q0 2 J,n

In order to do this we make use of the following lemma

Lemma Let

1/2 < e
(1+x) =1+ 5 -3 (1+6x)

-3/2

then Min © >0 where € is a sufficiently small
O £x=£ 1+¢

positive number.,

Prcof: We remark that

xg/j - S =2/3
(15) © = x....-‘? I (1 + “K - v:r+}{) -1{ ,

Thus © is a continuous one-valued function of the real

varliable x when x >0.
It can easily be shown that © is positive for 0« X = 1+ €,

By proving that

lim G >
X e O

it follows that © assumes a positive minimum on the

interval 0 = X = 4+¢€

The Taylor series for (1 « is



0 \L“ﬁ ?{f | ﬁf ~ .}E.Z. + 0(4-4) ) "e/2 "_ﬁz o
o ol i ;i‘ "Q\*ﬁ #’ED
-1 X A ~2/3
= X i(ﬂw§+o(X)) w}»;

which proves the lemma, moreover 1t follows that

(16) Min O ﬁ“% ,

Oz=x=T+¢

We proceed now to estimate IQ "
3
.

If, 0O = W= ®/2 - v 'n then

!
y 2 I U T - ]
‘E?T' 2 éﬁ?*ﬂ“&%?“”( =1+ O(ch)’
Pn CoS @ ¢ ffrz g )
Thus f:. sufficiently large . we may state tThat
5 2
ﬁn . . "
s < 1+¢& where € is a small positive number,
’ij T
‘n cos ¢

Prom the lemma, proved above, follows the existence of
a positive mimimumlﬂ.for & in formula (11),when ¢ varies

v r | J
from O to &— - 1/;,gn; moreover we know from (16) that
c.. ¢y

fo /2

Taking all this into consideration, we can estimate 1? "
-

as follows




< oo
5
<G
y 4 i
i du
o P ‘m‘@“‘ mwmm m‘wm% o YR 2

v u ~{pn +/AXn i

A trivial aalculationiﬁ shows That the last integral is
equal to

2
j; ir Pn N b, 51'12 — 3 1n §5n+pn2 \
W 4, 2 D
l__iJrgn (8 N “{61‘1 ) BJn (gn ~fn ) 1651'15 5n 'n

¢! e have substituted § ° - e c
where w - ”/am +/“J/n

For suffliciently large n the following estimate holds:

1n ““““m“mg* -“wgwmmmw?* < ““”ﬁ““““?“‘z

60" “Pa Sa - Pn Fn )

Theref'ore we may write

4
1 < Xn K . .
5 £ ——rm—m—s = ~ where K is some positive
2, a2 i €
ign Fh J /W constant.

From this it follows immediately that:

lim 4 .}“ . LR O s
- 4 SR
N -3 72 “"/2
] - o ~V/2
Finally we estimate I == * ipp“cos“?+ Jn ) dg.

3,1'1 ﬂ/?“J/n/fS

The length of the integration interval is /@n » the

maximum value of the integrand 4/Xn , and hence

Wiesl et pasks  WREW AR RN

") see e.g2. H.B.Dwight: Tables of Integrals and other
Mathematical Data.

. The MACMILLAN COMPANY. New York, 1955,
P. 20,






